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The stability of solutions of a certain class of singularly perturbed differential equations in Banach
space, encountered in the theory of dynamics of deformed systems, are investigated. It is shown that in
certain cases, when the equations of quasistatic motion of the system conform to criteria of asymptotic
stability and instability in the first approximation, it suffices to investigate the stability of the solutions
of these quasistatic equations. It is shown that the relative equilibrium of an inextensible viscoelastic
ring, circumscribing a circular orbit in a plane orthogonal to the radius-vector of its centre of mass, is
unstable.

1. STATEMENT OF THE PROBLEM

A “QUASISTATIC APPROACH "} to studying the dynamics of large elastic systems in a gravitational
field has been developed. The method may be described as follows. The systems are simulated
by continuous elastic bodies having internal damping within the framework of linear
viscoelasticity theory. It is assumed that the body is fairly rigid and that the decay time of the
free elastic vibrations is much less than the characteristic time of the body’s motion as a whole.
The field of displacements is sought as a series in the natural modes of free elastic vibrations of
the body. On the basis of these assumptions, a small parameter is introduced and the system of
equations for the dynamics of the system becomes a denumerable system of singularly
perturbed equations

Ys=fsO Gn, qn), s=1,.. .k 1)
@i + 267 bekan + € wign = On (Vs i, 47) (12)
n=1,2,...;0<e<1

where y, are the phase coordinates, which describe the motion of a trihedron attached to the
body, g, are generalized (normal) coordinates describing the deformations of the body, and e
is a small parameter characterizing the “high” rigidity of the body and the smallness of
dissipative forces compared with elastic ones; the dot denotes differentiation with respect to
time. The quantities €'w, are the natural frequencies of elastic vibrations (b= 0) of the body.
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Asymptotic forms of the solutions of system (1.1), (1.2) can be constructed by the boundary-
layer method [1] similar to the method developed in [2, 3] for systems with elastic and
dissipative elements. The terms included in the asymptotic expressions for the generalized
coordinates g, correspond to quasistatic vibrations of the body and have the following form

[4]
an=€ Wy (Q@n(75,0,0) — 2ebQn (¥,,0,0)) (1.3)

where differentiation with respect to time is subject to the equations y; = f,(y;, 0, 0). After
substituting (1.3) into the finite-dimensional system (1.1) and dropping terms O(e*), the system
of equations describing the motion of a trihedron attached to the body is closed and easier to
handle; these are the equations of quasistatic motion.

Several workers [5-9]f have studied the stability of solutions of the equations of quasistatic
motion. One as yet open question is the relationship between the stability/instability of their
solutions and that of the solutions of the initial system (1.1), (1.2).

We will show below that if the linearized equations of quasistatic motion are asymptotically
stable or unstable, the same is true of the full non-linear system.

2. THEOREMS ON STABILITY IN THE FIRST APPROXIMATION IN BANACH SPACE

We will generalize certain well-known stability theorems [10, 11].
Let E be a Banach space, in which we consider an autonomous differential equation

x =Ax +F(x) (2.1)
where A is a closed linear operator and F is a function satisfying the inequality

FE)IKNIxI**P, p>0, N>0 (2.2)

in the domain Il xli<p.

Let us consider the stability (in Lyapunov’s sense) of the trivial solution of Eq. (2.1),
assuming that the solutions possess the properties of existence, uniqueness and extendibility
over an infinite time interval.

Let Z(A) denote the spectrum and R (€, A)=(A-&)” the resolvent of A. Assume that: (1) A
is a closed linear operator with domain dense in E; and (2) the semi-infinite interval £>f is a
subset of the resolvent set of A and

IRu+iw, A)NKBu—B) ', u—B B=const

Under these two conditions, A generates a quasibounded semigroup [12]. Denote the set of all
operators satisfying conditions 1 and 2 by Q(B, f).

Theorem 1. Let AeC(B, B) for <0 and suppose condition (2.2) is satisfied. Then the
trivial solution of Eq. (2.1) is uniformly asymptotically stable.

Indeed, it follows from the assumptions of the theorem that the solutions of the first
approximation equation

+See also: KLIMOV D. M., MARKEYEV A. P. and KHOLOSTOVA O. V., On the dynamics of an elastoviscous ring
in a gravitational field. Preprint No. 406, Inst. Problem Mekh., Akad. Nauk SSSR, Moscow, 1989; KARPOV I. L,
KLIMOV D. M. and MARKEYEV A. P., Analytical computer derivation of the equations of motion of an elastic body
in a gravitational field. Preprint No. 411, Inst. Problem Mekh., Akad. Nauk SSSR, Moscow, 1989.



Quasistatic treatment of stability for solutions of a class of mechanical systems 593
x' =Ax

satisfy the condition llxll< Be’ 11x(0)!; the proof may now be carried out by standard
arguments [10, p. 51}
Now consider the case in which >0 and X(A) contains points in the right half-plane.

Theorem 2. 1If: (1) Z(A) contains points in the right half-plane; and (2) AcQ(B, B) (B>0)
and condition (2.2) is satisfied, then the trivial solution of Eq. (2.1) is unstable.

This generalizes a well-known result for bounded operators A {11, p. 410, Theorem 2.3].
Operators that satisfy the conditions of Theorem 2 possess the properties used to prove
Theorem 2.3 of [11].

We will also need the following theorem.

Theorem 3 [12]. Let A€ Q(B, B)and let C be a bounded linear operator. Then A+C e Q(B,
B+BICH).

3. STABILITY ANALYSIS

We will transform the system of equations (1.1), (1.2) by changing the variables [3] ¢, =
€°q,*, g, =ep, (the asterisk will be omitted henceforth) and putting

y=0’ln"': yk), p:(plnPQ:"')9 qz(qllq'l"")
C=diag {w} , wj,...}, B=2bC.

System (1.1), (1.2) becomes

. 2
y =10, €q, ep) G.1)
p=—€'Bp-eCq+eQ(, ep, €2q), ¢ =€'p

Let us assume that system (3.1) has a stationary solution
y=3°, p=0,q=¢° (32)

in whose neighbourhood the right-hand sides of system (3.1) are twice continuously
differentiable.

To investigate the stability of the solution (3.2), we consider the variational equations,
retaining the same notation (y, p and g, respectively) for the variations of y, p and ¢

y' =Ty+ekp+e'lq

p=(~€'B+B)p+(-€e'C+eCi)q+e’ My, g =¢’'p G3)
where T is a finite-dimensional operator (a k& by k matrix) describing the motion of an
absolutely rigid body, with a configuration corresponding to g=¢°, in the neighbourhood of
(3.2). If the initial system (1.1) is Hamiltonian for ¢=0, g’ =0, then either all the eigenvalues
of T have zero real parts, or it has both eigenvalues with positive real parts and eigenvalues
with negative real parts. The bounded operators K, L and M represent the relationships
between the translational-rotational motion of the body and the deformation process; B, and
C, are bounded operators resulting from the linearization of system (3.1) in the neigh-
bourhood of (3.2).
System (3.3) may be treated as the first-approximation equation of Eq. (2.1) in the Banach
space of sequence E

E=E,®E, ®E;, yEE,, pEE,, q€E,
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We write (3.3) in matrix form

x =Ax, x=,p, 9T

T ek eL
A= €M —e'B+B, -e'C+eC, | I=diag{1,1....} 54)
0 e 0

The behaviour of the solutions in the neighbourhood of (3.2) depends on the properties of the
operator A. To reduce (3.4) to a form more convenient for applying the theorems of Sec. 2, we
change the variables x — x, =(y, 1, &)”

4 4
p=n+t lEo ey, q=t+ IZ e'Tyy (3.5)
= =0

where the operators A;: E, > E,, I;: E, - E, (i=0,...,4) are chosen so that the terms in the

13

equations for 7" and & that depend on y are of the order ¢*.
Substituting (3.5) into the third equation of (3.3) and equating the coefficients of €'y (i=
1,...,3) to zero, we obtain expressions for the operators A,

Ao =0, Aj =TT, A=IT
A3 = F2T+ FoKAl + FOLFO (36)
A4 =F3T+F0KA2 +F1KA, + I"oLl"l +F1LF0

Similarly, substituting (3.5) into the second equation of (3.3), we find that

[o=C*'M I,=-C'BC'MT

[ =C'ByA +C Ty —BA, — A T)

M3 =CY(B,A, +C Ty —BA; — A7)

[e =C'(ByAs +CiTy —BA4 ~ AT — A KAy)

3.7)

The operators A, T, (i=0,...,4) are uniquely defined by (3.6) and (3.7) and are bounded,
since C and C™'B are bounded. It can be shown that the transformation x — x, is an iso-
morphism, so that stability properties are preserved.

The new variables satisfy the equations

y =T+ (KA, +LTo)+ (KA, + L))y + eKn+e* Lk + ' dx,

2 1 .
A=(—elB+B + T VAK)nt(—€CreCr+ T €TINL)E+ €0,
i=0 {=0 (38)

2 1
E.__:e-ln _ 1_20 €l+lF[Kn _ 1?0 61+2F[LE+€4‘I’X1

where @, 8 and ¥ are bounded operators expressed in terms of T, A, K, L, €.
The matrix form of the operator A, in system (3.8) may be written in the form
x; =A1x1, A, =A(1) +€4A}

~

T & €2L

0 -B - C
141= 0 R1=

E—IRI +R2 I 0

Al =0 +0+W, T=T+e*(KA, +LT)+e3 (KA, +LTy)
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where R, denotes terms of order at least €® and at most € on the right-hand sides of the
second and third equations of system (3.8).

We make yet another change of variables x, — x,, aimed at giving the operator of the system
tke following form in the new variables x; = A,x,

=49 +¢*A}
F o 39
AL = . M4y =14}l
*lo etRr, +R,ﬂ : '

Changes of variable of this sort have been considered before for denumerable systems of
differential equations [10]. All of them preserve stability.

Thus, the question of whether the solution (3.2) of system (3.1) is stable or not has been
reduced to investigating the properties of the operator A, of (3.9), which is the sum of a closed
operator Aj and a bounded operator €*A}. We will treat €*Al as a perturbation.

We will express A as the direct sum of two operators defined in mutually complementary
subspaces, E, and E ®E,: a finite-dimensional operator T and a closed operator €'R, +R,.
For the former we have T eQ(l B) in E, (B is the greatest real part of the eigenvalues of 7).
The operator €'R, characterizes the free damped oscillations of the damped system. It can be
shown that €'R, eQ(l, -1/(2€)). By Theorem 3, €’'R,+R,eQ(l, -1/(2¢}+!IR,ll) in E,®E,
(IR, ll=O(1)). Consequently, A)eQ(l, B,), where B, =max{B, —-1/(2¢)+IIR,1l}=B.

Let us assume first that all the eigenvalues of T have a real part of zero.

If all the eigenvalues of T have negative real parts, then B<0 and A? satisfies the
conditions of Theorem 1.

The greatest real part of the eigenvalues must have the form -e’A,, (A, >0), since the
internal elastic forces in the expression for T correspond to O(e®) terms and the dissipative
terms to O(e’) terms. By Theorem 3, if

€< Ainax 141 17 (3.10)

the operator A, also satisfies the conditions of Theorem 1, so the solution (3.2) is uniformly
asymptotically stable. .

Let us assume now that T has eigenvalues with positive real parts.

Let €4}, €4, ..., €4 (A >0;_A; < for i <j) denote the positive real parts of the roots of
the charactenstlc equanon of T. Let p=max,{(4,; - A4)}>0. By the spectral resolution
theorems [12] and Theorem 3, it can be shown that if

e<¥% IA3 It max{Af, p} (3.11)

the operator A, satisfies the conditions of Theorem 2 and the unperturbed motion is unstable.
In the case when T has eigenvalues with positive real parts, 7 has O(1) eigenvalues and the
proof of instability is similar.
Thus, for sufficiently small e (see (3.10) and (3.11)), the stability or instability of the solution
(3.2) of system (3.1) may be determined by considering the stability of the finite-dimensional
system

y =Ty (3.12)

provided the matrix 7 satisfies an asymptotic stability or instability criterion in the first
approximation.

As it turns out, Eqgs (3.12) are simply the equations of quasistatic motion in the neighbour-
hood of (3.2).

We note that (3.12) may be obtained by substituting the expressions
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p=eAy+e Ay

q=Toy +eT'yy (313)

into the first equation of system (3.3). In view of our previous change of variables g=¢’g*,
¢" =ep and formulae (3.6) and (3.7), we can rewrite (3.13) as

q=€EC"'(My - eBC™'(My)), p=q (3.14)

where the differentiation with respect to time takes place along the trajectories of the equation

y' =Ty. Comparing (3.13) with (2.14) in [2], we conclude that (3.14) represents linearized

asymptotic expansions of the generalized coordinates corresponding to quasistatic oscillations.
We collect the above results in a theorem.

Theorem 4. Assume that the linearized equations of quasistatic motion in the neighbour-
hood of the unperturbed motion conform to a criterion of asymptotic stability (instability).
Then for sufficiently small e (see (3.10) and (3.11)) the unperturbed motion is asymptotically
stable (unstable).

Remark. Instead of the exact particular solution (3.2) one frequently uses an approximate solution of
Egs (1.1) and (1.2)

y=;°; q,f=§%=ezw;!’QnG"Qoo: 0)’ q;!':'o (3'15)
As a rule, the connection between the solutions (3.15) and (3.2) is defined by the relations
YOEYO, qh =48 +0(*) (3.16)

The case (3.15), (3.16) is encountered, for example, in connection with the relative motion of a
viscoelastic body in a central Newtonian force field. If £, and @, are twice continuously differentiable and
{3.15) is true, then

T=T, +0(e*), L=L, +0(e?), K=K, +0(e?)
M=M, +0()

af ~ of
T,=— 0°.4°,0), L, =— 0°,0,0)
3y aq

af 3Q
K°=——- O’Owaro)s Mo = —(Y‘. 030)
ap ay

Replacing the operators T, K, L and M in (3.12) by T;, K,, L, and M,, respectively, does not affect
the accuracy with which Eqgs (3.11) and (3.13) were obtained. It can be shown that the equations obtained
by substituting (1.3) into (1.1) and linearizing in the neighbourhood of the solution (3.14) are just Eq.
(3.11) with the operator expressed in terms of T,, K,, L, and M,.

The proof of Theorem 4 in this case involves some slight modifications (the quantity A1), is
changed).

We also note that such conditions as A, >0 and A; >0 define subdomains of asymptotic stability or
instability in the parameter domain. At parameter values for which A, =0(e), 4 =O(e), conditions
(3.10) and (3.11) may fail to hold and Theorem 4 will not apply.

The case in which the equations of quasistatic motion represent some critical case of elasticity theory
will not be discussed here.

To sum up: with the exception of a few cases, as'indicated, we have rigorously proved the results of
{5-9] (see also the papers cited in the second footnote).
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4. THE STABILITY OF THE RELATIVE EQUILIBRIUM OF A VISCOELASTIC
INEXTENSIBLE RINGIN A CIRCULAR ORBIT

Consider a viscoelastic inextensible ring moving in a central Newtonian force field. We assume that the
motion of the ring’s centre of mass is independent of the motion about the centre of mass and that the
orbit of the centre of mass is circular (w, =227, where T is the period of revolution of the centre of
mass around the orbit). Some aspects of the motion of such a system have been examined before (cf. the
first paper cited in the second footnote). The necessary notation and equations of motion are as follows:
Ox,x,x, is a “mean” coordinate frame attached to the ring (O is the centre of mass of the ring and x, is its
axis of symmetry); OX X, X, is an orbital frame. The X, axis points along the radius-vector of the centre
of mass relative to the attractive centre and the X, and X, axes lie respectively along the binormal to the
orbit and its transversal, in the direction of the centre of mass. Denote the unit vectors along the X, X,
and X, axes by a, B and v, respectively ( &, B, and ¥, denote their projections on the x, axes).

The displacement u(r, ¢) of a point of the ring (with radius-vector r in the undeformed state) due to
two-dimensional bending vibrations may be written as

u@n= ¥ @) +q@uP )
n=

where U®, U® (n=2, 3,...)is an orthonormal system of natural modes of vibration.
The equations of motion of the trihedron Ox,x,x, may be written as
K+wxK=3yxJy
K=Jo+K,, K, = n-;z @) a% %248 e, (4.1)
@=(G 0,07, ¢=00,0,n7

where @, is the projection of the absolute angular velocity of the trihedron Ox,x,x, on the x, axis,
muitiplied by o;'. The dot in (4.1) and elsewhere below stands for differentiation with respect to the
dimensionless time variable 7=, and J is the inertia tensor of the ring for a point in the system Ox,x,x,

J=J, 40, +J,, J, =disg{4, 4, C} 42)
H, 0 0 0 -H, 0
L=24040 -H o0 [+24®)-H, 0 o0
0 o0 0 0 0 0
1
00
o 2 3 i
h= E) @ +a@ o 70 +2a@ %), +a el x
n=
00 1
0 Lp O ~Ln 0 0
x§Ln 0 0f+2@Wq%) -aPlah) o a0
0 0 o 0 0 0
3 LT n-1)(n+3)

o — ——,L='
S W e syrre s

where g is the radius of the undeformed ring, m is its mass, A and C are its equatorial and axial moments
of inertia, respectively. For a thin ring C=2A. For generality, the ratio =C/A will be assumed to be
arbitrary from now on (0= <2).
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The equations describing the variation with time of the generalized coordinates g\, g%’ are

s 20t e kel =00 @+ 248 G a5, e+ 314

+253 4301 4303 ~ D+ @0 Ln+ai )y Ly ) @1 -32 +3y3 — 341y +
+2@$h Ln+ 4y Ln_5) @,5, - 3v,v,)

(‘) +2e7 buw, w?,q(') +ewig (’) = Qn(a, y) ~ 2q(‘)w —qfr Y, +
+3% a7 +GF +251 + 37 +343 -2)+(q"+2L,,+q( ) L, ) (S -0+
+v; —7,)+2(q,,'221:,,+q§,*_)21,,,*2) (@, 9, - 37,7,) (4.3)
QM) = H, (B2 ~ 32 +342 - 392), 0%)=0, n=3,4,... '
08) =H,(- 23,3, +6v,7y), 09)=0, n=34, ..

In Eqs (4.3) for n=2, 3, we must formany equate 4%, q% to zero. The number b characterizes the

dissipative properties of the material; ¢”'w, =®;'Q,, where €, are the natural frequencies of two-
dimensional bending vibrations of the ring, and e isa small parameter, introduced in the usual way [2, 4].
To close system (4.1), (4.2), we add the kinematic Poisson equations

d=aXw-v, §=BXW, r=rXxd+a (a4)
Equations (4.1), (4.2) and (4.4) have an exact particular solution

&=0,1,07, v=0,0,07, a=(1,0,07

=0, g8V =0, ¢ =0, n=2.3,... (45)

This solution satisfies Eqs (4.1) and (4.4) for any values of g%, It corresponds to relative equilibrium
of the ring in the orbital coordinate frame with its plane orthogonal to the radius-vector of its centre of
mass relative to the attracting centre.

The stationary values of the generalized coordinates ¢{¥ are determined by the relations

(€<.1w: +V2)q§!)+qu£:)= __1{7

Lyk—s 4;26—1 +e T wik+ %) q(zlg +L,kq§52+, =0 (4.6)
q4) =0, k=34,

We will write the solution of system (4.6) as a series

=g+ T +eqy+ ..., 3=@0)¢W), . T @7
7, =(- Hyw;%,0,0,.. )7, §;=C"C,G1,

% L, 0
E=diag{w§,w§,w:,,..},a= L, % L,

0 L, %

Since C-'C, is a compact operator, the series (4.7) converges absolutely if €l CC, i< 1. Thus,
condition (3.15) is satisfied and, by the remark in Sec. 3, we can use the approximate solution of system
(4.6)

g =—€w;’H,, and the remaining ¢ =0, i=1,2, n=2,3,4,. 4.8)

We will now examine the stability of the particular solution (4.5), (4.7). The stability of the other two
relative equilibria (when the plane of the ring lies in the orbital plane and when it is orthogonal to the
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velocity vector of the radius-vector of the centre of mass) has already been investigated (see the first
paper cited in the second footnote).
Put

:33 =¥, ‘33:1"')’:, ;3 =3 (49)
Y T Var Y2 FVs, 73=l

:i, Oy TVgy Q3 =~ Yy

These relations take into account that the vectors o, @ and vy are orthonormal and that only three of the
quantities o, ﬂi, ¥, (i=1, 2, 3) are independent.

Nrritting tha adinta ctane weo unll ey nive tha hnaavigad anuin
uuul.uus m\.« Lulcxxu&\uau' E!»GPB, we Wlll lllﬁka)‘ SLVU L3 $ivg uu.ccuu.ou vqua

the neighbourhood of the solution (4.5), (4.9) (for details of the procedure to be followe
equations see, e.g., [5])

[«
-
(9

in deriving such

-y, =-al—a)y, +{{l —a)+e’xa~ 1)y, +

+(=3(1 —a) - 3e*kQ2a - 1)y, - *a(l —a) y, (4.10)
1+ y, =—A(l ~a)y, +(3(1 —a) - 3*x2a - 1)y,

ay, =— 13 e3A(l —a)y, +e3A —a) y;

Ya==Va, Yi=P Vs, Ve =—V; ~ Vs

k=2H}{Aw}), A=12bw,x

The roots of the characteristic equation of system (4.10) are

N =tV/30 —a) + 0@
4A(1 ~a)
Ay =0(e*), A, = ——————— + O(e*)
3a(3a - 4)
4501 - a)?
Ay =€ ———— 2i(3a-4+0())
! a(3a —~4)

When O<a<1 one of the roots A, or A, is positive; if 1< <4/3 we have 4, >0, andif 4/3<a <2 the
real parts of A; and A, are positive. Consequently, by Theorem 4, for any values of ¢ in the interval from
zero to two (with the exception of small neighbourhoods of the points o=1 and & =4/3) the relative
equilibrium of the ring in the orbital coordinate frame, with its plane orthogonal to the radius-vector of
the centre of mass, is unstable.

The research reported here was supported by the Russian Fund for Fundamental Research
(93-013-16257).
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